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Abstract 

We show that non-relativistic actions of string and D-branes on AdSsxS^ can 
be reproduced as a semiclassical approximation of the string and D-brane actions 
around static 1/2 BPS configurations. This is contrastive to the Penrose limit. For 
example, the pp-wave string can be recaptured as a semiclassical approximation 
around a 1/2 BPS particle rotating at the velocity of light. We argue that small 
deformation of a straight Wilson line would give a composite operator in the gauge- 
theory side that corresponds to a semiclassical state of the non-relativistic string, 
according to the semiclassical interpretation. 



1 Introduction 



AdS/CFT duality [1,2] has now been widely accepted and continues to be an important 
laboratory to look for new aspects of gauge theories as well as string theory. The duality 
however has not been rigorously proved and it is obviously important to find a further 
support and confirm it furthermore. One of difficulties is to solve type JIB string on 
AdSsxS^ definitely. The Green-Schwarz action constructed by Metsaev and Tseytlin [3] 
is too complicated to quantize it. Although it is suspected to be quantum integrable 
since Bena, Polchinski and Roiban have pointed out the classical integrability of AdS 
superstring [4], the attempts for the quantization have not been succeeded yet. Thus it 
would still be a nice direction to seek a soluble subsector. 

Indeed, Berenstein, Maldacena and Nastase found a soluble sector of AdS/CFT [5] 
by using the Penrose limit [6]. The action of AdS superstring is reduced to the pp-wave 
string, which becomes a free massive theory on the flat world-sheet by taking a light-cone 
gauge [7] and so it is exactly solvable [8]. 

A new soluble sector has been recently proposed by Gomis, Gomis and Kamimura [9] 
with the so-called "non-relativistic limit" [lojl]. In this limit the AdS superstring is reduced 
to a free theory on the AdS2 world-sheet with a static gauge and it is a basically solvable 
theory. The gauge theory counterpart has not been clarified yet though some observation 
has been given in [9]. 

The non-relativistic limit is quite similar to the Penrose limit (For the comparison, 
see Tabled]). This similarity leads to a speculation that the non-relativistic limit can 
also be described as a semiclassical limit in the same way as the Penrose limit [17]. The 
pp-wave string and Penrose limit are recaptured as a semiclassical approximation of the 
AdS-superstring around a BPS particle rotating around the greatest circle in the S^ at the 
speed of light [18]. On the other hand, in this paper we will show that non-relativistic limit 
is nothing but a semiclassical approximation around a "static" configuration. Concretely, 
we will reproduce the non-relativistic actions of string and D-branes, which have been 
obtained in [9] and [19] respectively, from the semiclassical approximation. Here it should 
be noted that the non-relativistic string action is nothing but the semiclassical action 
expanding around a static AdS2 world-sheet previously obtained by Drukker, Gross and 
^For non-relativistic limit of D-branes in flat space and AdS space, see [11-14] and [15,16], respectively. 
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pp-wave string 


non-relativistic string 


limit 


Penrose limit 


non-relativistic limit 


gauge 


light-cone 


static 


8 bosons 


8 massive 


3 massive & 5 massless 


transverse sym. 


SO(4)xSO(4) 


SO(3)xSO(5) 


world sheet 


fiat 


AdS2 


classical sol. 


rotating particle (1/2 BPS) 


static AdSs (1/2 BPS) 


sym. of sol. 


U(l) 


SL(2,R) 


the vacuum op. 


single trace op. Tr(Z"') 


straight Wilson line 



Table 1: pp-wave string vs. non-relativistic string 



Tseytlin [20], where a 1/2 BPS straight Wilson line [21] is inserted in the A/'=4 SYM 
side. What we will show newly is the equivalence between AdS-brane actions in the non- 
relativistic limit and those in the semiclassical limit. This shows that a non-relativistic 
limit is nothing but a semiclassical limit around a static configuration. 

The semiclassical interpretation of the non-relativistic limit leads us to argue the 
AdS/CFT dictionary in the non-relativistic limit with the help of the symmetry argu- 
ment. Our argument is that a non-relativistic string state would correspond to small 
deformation of a 1/2 BPS straight Wilson line. Unfortunately, it would be difficult to 
check the dictionary by directly computing the anomalous dimension with perturbation 
theory because no large U(1)r charge is included unhke the BMN case [5] and the BMN 
scaling technique does not work at all. 

The content of this paper is as follows: In section 2 we introduce the Dirac-Born- 
Infeld (DBI) actions of D-branes on the AdSs x S'^' . The classical solutions around which 
the actions are expanded are also discussed. In section 3 we reproduce the non-relativistic 
actions from the semiclassical approximation. First the bosonic fluctuations are considered 
for each of the branes. After that, the fermionic fluctuations are discussed since these are 
almost the same for all the branes. In section 4 we argue the corresponding gauge-theory 
side. Section 5 is devoted to a summary and discussions. Some conventions and notations 
are collected in Appendix. 
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2 Setup 



Let us introduce the D-brane actions (including the F-string case) on the AdSsxS^ back- 
ground and discuss static classical solutions around which the actions are expanded in a 
semiclassical method. 



2.1 The actions of strings and D-branes on AdSsxS*^ 

The Dp-brane action [22] (see also [23]) is composed of the two parts, the Dirac-Born- 
Infeld (DBI) part and the Wess-Zumino (WZ) part as follows: 

S = 5'dbi + 5'wz ~ J ('^DBi + ^wz) (2.1) 

where Tp = {gs{2'Kya'^)~^ is the tension of the Dp-brane. 
The DBI action is given bj|^ 

Cdbi = Vsdet{g + J^)dP^'^ , g^, = LfLfr]AB , Lf = 9,Z*^L^ , (2.2) 

where s = — 1 for a Lorentzian brane while s = 1 for a Euclidean brane. L"^ and L are 
supervielbeins on AdSs x written in terms of the superspace coordinates Z*^ = (X^^, 6*") 
(For the concrete forms see Appendix). Then JF is a modified field strength = F — B . 
F = dA is a gauge field strength and B is (the puUback on the worldvolume of) the NS-NS 
two-form 

H = dB = iLHTA(TL , B = 2i f dtt^LT A(y0 (2.3) 

where the symbol "hat" implies E = E{t6) . In the case that we want to consider a single 
F-string, the DBI part should be replaced by the Nambu-Goto (NG) action by turning 
off the flux as S'ng = 5'dbi|jc-=o and the tension should also be replaced by T = (27ra')~^. 
The WZ part is characterized by a supersymmetric closed {p + 2)-form hp^2 



n=0 



with 



L^^ ■ ■ -1.^^11 a,...a,qL + 5,,3y(e„,..,,L'^i ■ ■ ■L''^ - e,....,.L< ■ 



(2.5) 



^We suppressed the dilaton and axion factors here. 
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p—3 

where g = (a) 2~icr2 with a = cr-s and —ai for Dp-brane and F-string, respectively. The 
{p + l)-dimensional form of the WZ term is 

Jo 

^ = ® (2^^^^' ■ ■■^^'^-'LTA,...M^_Mr^^2e (2.6) 
where C'^^^^'^ is a bosonic {p + l)-form satisfying 1 jj^gQ^j^, = (iC*^^+^) . 

2.2 Classical static solutions 

Here let us derive static D-brane solutions. 

First we shall introduce the variation formulae for the supervielbeins and super spin 
connections, which can be derived from the MC equations give in (]A.6|) . The formulae 
are as follows: 



AB 



SL"'' = dSx"'' + 2a^L''Sx'' + 2ricdL'"'Sx'^^ + 2iaLT''Ha2Se , (2.7) 
SL""'^' = ddx"'^' - 2a^\J^bx^' + 2r/,/d'L"'"'fe^'''' + 2iaLY"^^' 102^6 , 

where we have introduced the following quantities: 

fe^ = 5Z*L^, 5a;^^ = 5Z%^f, 5^^° = 5Z^L°^ . (2.8) 
It also follows from (12.31) that 

m = i5x^LTA(jL + 2iL^LTA(jL + d (^jdt [dx^LTAoe - L^^If^ct^]^ . (2.9) 

Then, by using the variation formulae (12.71) and (12. 9p . a variation of the Dp-brane 
action is derived as 



+T [ y [i^5/,(f+2-2n)^n ^ ^ . b+2-2n)^n-l^^ 

is^L^' (n-1)! 
where dB = S . For a classical solution this variation should be zero. 



:2.io) 
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It is the standard procedure to impose some ansatz in finding a classical solution. 
First let us impose that 9 = 0. Then (12.101) reduces to 

6S = Tp jd^+'^^,/sdet{gB + F){gB + FY' (2ef r/^i,5Lf |e=o + 



^ ' 3! 



B 



F 2 



where (yf^ij = ^f^fvAB and ^L^l^^o = (i^a;"^ — rjBc^x^^e'-"' + rjBc^^^^x'~^ ■ 
Furthermore we require that = . Then it further reduces to 

6S = -Tp / d^+^i^sdetgBg'B (V.e/ + ujfBef) 6xa 
Jt, 



1 



3! 



where we have partially integrated. The terms proportional to 5p 3 and (5p 5 can be deleted 
by performing a partial integration and using the relation de^ = —rjBc^^^^^ ■ This is a 
consequence of dhp^2 = . Then the remaining term (the first line) vanishes when the 
following relation is satisfied: 



Vief + uj^Bef = . 



(2.11) 



For the static configuration X*^' = {i = 0, - ■ ■ ,p) this relation can be derived as the 
pull-back of the following relation to the world-sheet S: 



VmC^ + UJ^iBcff = 



(2.12) 



which follows from the definition of the spin connection uj^^b = —^b^m^p- Thus the 
static gauge configuration is a trivial classical solution. 

Besides it, one can find a generalized configuration represented by 



X 



X*^'(e) for i = Or-- ,P 







for i = p + 1, ■ ■ ■ ,9 



(2.13) 



One can easily check that this solves fl2.1ip as follows. First we rewrite (12.111) as 

(ViV.X*^ + ViX^V,X«r^Q)e^, = (2.14) 

where we have used ( I232D . Defining rjf = diX^ (M G {Mi\i = O,--- ,p}) which is 
invertible for the classical solution (I2.13P one derives by using g^^rj^^Tj^ = G*^^ 

= didjX^^ + diX^djX^T^jQ (2.15) 

which solves (I2.14p . Thus (12.130 is also a static Dp-brane solution but its parametrization 
of the world-volume coordinates is slightly generalized. Even for the F-string case the 
same solution can be derived. Hereafter we will concentrate on the solution (I2.13p . 

The value of the classical action can be evaluated by putting the classical solution into 
the action as follows: 

= v^Jd^rfP+^e = det(eo)f rfP+^e = ^eAo...A,e^ ■ ■ ■ , (2.16) 

where Qq = f?] classical and Cg = classical • The contribution (12.160 can be canceled out by 
adding C''^^^^ of the form 

^0 ~ 2 "^"'""^p ' 

only if one can find such a closed form that /ip+2 1 classical = dC'^^^\ For the 1/2 BPS 
D-branes we can easily show that 

hp-\-2 1 classical 

and that dC'^^^^ = 0, hence the classical action (I2.16P can be canceled out by the fiux 
term. This cancellation is actually necessary for the consistent semiclassical approxima- 
tion. For the semiclassical approximation we need to take a large tension limit, which 
surely corresponds to the limit operation in the non-relativistic limit. Thus, if the can- 
cellation does not occur, then the classical action diverges. That is why the cancellation 
is necessary. 

It is helpful to remember a classification of possible 1/2 BPS configurations of D- 
branes on the AdSsxS^ (listed in Table [2]) [24,25]. The notation of (m, 'ri)-brane implies 
a brane configuration whose worldvolume extends along m directions in the AdSs and n 
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directions in the S^. Such a restriction against the directions has its roots in a 1/4 BPS 
intersecting condition before taking the near-horizon hmit [24]. The classification could 
be reproduced in various ways, brane probe analysis [24] , K-invariance [25] and consistent 
non-relativistic limit [19] or semiclassical limit as discussed here. 



1-brane 


3-brane 


5-brane 


7-brane 


(2,0), (0,2) 


(3,1), (1,3) 


(4,2), (2,4) 


(5,3), (3,5) 



Table 2: The possible configurations of the 1/2 BPS branes in AdSgxS^ 



3 Quantum Fluctuations around the Static Solutions 



From now on we shall consider a semiclassical approximation of the D-brane action around 
the classical solutions obtained in the previous section. As a result we see that the non- 
relativistic D-brane actions are reproduced. 

First of all, let us expand the D-brane action in terms of the fermionic variables 9: 



>Cdbi = \/ s <lei{gB + F) 



l + :^{gB + Fy\gF-BF)ii 



— fc _ pp+l-2n 



i i^n - 1) 
where qb , Qf and Bp are 



(p+l-2n)! 



Then the bosonic and the fermionic parts are given by 
Sp^TpJ d^+'dC y/sdet{gB + F)^{gB + Fy^gp - Bp)ij 



■2n 



(p+l-2n)! 



Our purpose is to examine the fluctuations about the classical solution. Hence let us 
decompose the variables into the fluctuations (expressed with "tilde" ) and the background 



fl27[3|) with ^ = and Ai = as follows: 

where M = { | i = 0, ■ ■ ■ , p } and M = { M | z = p + 1, ■ ■ ■ , 9 } . 

Here we should remark on the treatment of the longitudinal fluctuations. In order 
to maintain the static gauge form (12.131) . we have to restrict the longitudinal fluctuation 
to be = ) . Then, however can be absorbed into xf '(f), and 

hence X— > does not appear in the semiclassical action after all. For F-string case it has 
already been discussed in [20]. The vanishing of the longitudinal modes for the F-string is 
plausible also from the equivalence between the Nambu-Goto action and Polyakov action. 
In the Polyakov action the longitudinal modes should be canceled by conformal ghosts 
while the ghosts are not included in the Nambu-Goto action. But in the case of the 
Nambu-Goto this cancellation comes from the requirement that the static gauge should 
be maintained. Thus, anyway, it is sufficient to consider the transverse fluctuations. 

We should comment on the scaling of brane tension. The common radius of AdSs and 
S^, i?, can be factored out to be an overall factor of the action. This may replace Tp by 

TpW+' = tp\'^, tp = {g,{2ny-^)-\ = ^ • (3-1) 

We make A~ be absorbed into the fluctuations Z as Z — > A ~Z, thus considering 
quadratic fluctuations is equivalent to considering the large A limit. The cancellation of 
the classical contributions is necessary for the consistent large A limit, [fl 

We will see that the semiclassical AdS-brane actions completely agree with the non- 
relativistic AdS-brane actions derived in [19]. The bosonic and the fermionic fluctuations 
will be separately discussed below. First the bosonic ones are evaluated for each of the 
D-brane configurations. Then the fermionic ones are done in a unified way. 



3.1 Bosonic fluctuations 

From now on let us consider the bosonic fiuctuations. Hereafter the world-sheet Wick 
rotation is assumed when we take a Euclidean brane with s = 1 . The metric of AdSs x 
we take is given in (lA.ip and (lA.2p . 



Now one sees the direct correspondence between the semiclassical limit and the non-relativistic limit 
arranged in [19] (see equations (5.1) and (5.2) there). 
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D-string (F-string) 

The bosonic part of the action is given by 



(3.2) 



Let us consider the AdS2-brane (i.e., (2,0)-brane) and expand ( 13. 2p around the classical 
solution 

t=m. p=Pie). 

Here t and p depend only on and , respectively. The induced metric is 
9oij = - cosh^ pditdjt + dipdjp = diag(- cosh^ p{dotf ■, {dipY) , 
and the world-sheet geometry is AdS2 rather than fiat. It is an easy task to derive 
a/ s det go = cosh pdotdip , g^^ = diag( 



cosh^p{doty' {dipf 
Since the induced metric is expanded as follows: 

3 4 

QBij = goij + g2ij H , g2ij = ^ sinh^ pdi(j)pdj(j)p + d^dj^ + ^ di(pqdj(pg 



q=l 



F = dA = Fi 



the quadratic part oi Cb is given by 



1 



C-2B = -A/sdet^fQ 



9o92ij + ^FujFl^ 



-V-sdet go 



5fo-^(sinh pdi(f)pdj(f)p + d^dj^ + di^pqdjipq) + -FujFl 



(3.3) 



By rescaling 0p as (f)p = sinh p(j)p , the first term in (13.31) can be rewritten as 



^^/sdetg^ g^^ smh'^ pdi(f)pdj(l)p = ^^/sdetg^ [ 



gl^d(f)pd(j)p 



1 ■■ - - - 1 • 

^9o idi(l)pdj(j)p + dadj^ + di(pqdj(pq) + 0j + -^FujF[^ 



(3.4) 



where a partial integration has been performed. Thus one can obtain that 

S2B = ^1 y c^^^V-s det go 

where R is absorbed into fluctuations. This is just the non-relativistic AdS D-string action 
derived in [19]. This reduces to the non-relativistic AdS F-string action derived in [9,20] 
by setting A to be zero. 



D3-brane 

The bosonic part of the D3-brane action ic 



Cb = ^/sdetigB + F) d^i + C^^) . 

Let us consider the AdSaxS^-brane (i.e., (3,l)-brane) first. The classical solution is given 
by 

(t,p,0i;7) = (t(O,p(e'),0i(a;7(a) • 
and the induced metric can be expanded around it as 



Qb = 9o + 92^ , 

goij = diag(- cosh^ p(9o^)^ {d^pf, sinh^ p(920l)^ (937)') 

4 

g2ij = sinh^pcos^0i ^ di(f)pdj4)p + cos^ 7 djipgdjipq . 

p=2,3 q=l 



Defining the new angle variables: 



bp = sinh p cos , = cos 7^9^ 



the bosonic quadratic action of the DBI part can be rewritten as 



\/ s det 



9o 92ij 

9o ^9o {di4>pdj(f)p + di^gdj^g) + ^ (S^J - ^J) + ^F^jFl^ 



(3.5) 



where we have performed partial integrations. Then it is turn to consider the WZ part. 
The C*-^-* is now expressed as 

C^^-* = 4i/iz(— coshpsinh^ pcos^ 0i(it(ip(i0i02'^03 + cos^ 7(i7V?i(iv^2 ■ ■ ■ '^V^4) , 
up to an exact term, and it can be expanded in terms of the fluctuations as 



"'The supersymmetric actions of D3-branes on the AdSsxS^ and the pp-wave are constructed in [26] 
and [27], respectively. 
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and the integration of the quadratic part is given by 

= —Ay/si / d^^ coshpsinhp9ot9ip920i02(^303 



-Ay/si J voIj:^ 02^ 



(3.6) 



where S3 is the worldvolume extending in the AdSs. Combining (13.51) and (13.61) , one can 
obtain the following quadratic action 



S2B = ^3 y c?^^ Vsliet 



90 



-4:^/s^t3 / Vols302#3 • 



(3.7) 



This is nothing but the non-relativistic AdS D3-brane action derived in [19]. 

On the other hand, we may consider (l,3)-brane. The shape is actually i?xS^ and so 
this is related to the giant graviton [28] rather than AdS-branes. The static solution is 
given by 

(t; 7, ^1,^2) = (t(e°);7(e'),^i(a,^2(a) 

as it corresponds to a giant graviton. By carrying out the same analysis, we can obtain 
the following quadratic action: 



S2B = ^3 y \/ s det 



^0 



-g'oidipdjp + di(f)pdj(f)p + diipgdjipg) 



+ 4:\/sit3 / vols' '~P3d'^4 ■ (3.^ 



where p = 1,2,3 and q = 3,4. S3 is the worldvolume expanding in the S^. 
D5-brane 

The bosonic part of the D5-brane action is 

Cb = Vsdet{gB + F) d^^ + C^^^ . 
Let us consider the AdS4xS^-brane (i.e., (4,2)-brane) first. The classical solution is 
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The induced metric is expanded as 



9b = 9o + 92^ , 

and the zeroth and the second order parts are given by, respectively, 

goij = diag(- cosh^ p{dotf, {dipf, sinh^ p(920l)^ sinh^ pcos^ 0i(<9302)' 
((947)^cos2 7((95V?l)^) , 

4 

g2ij = Sinh^ p COS^ 0i COS^ 4>2di4>3dj4>3 + ^ cos^ 7 cos^ ipidiipqdjipq . 

q=2 

Defining the new variables 

03 = Sinh p cos 0i cos 0203 , = COS 7 COS (pi(pq , 

one can rewrite the quadratic part of the bosonic DBI action as 



9o92ij 



a/ s det 



9o 



^90 {dihdjh + di!fgdj(fg) 



(3.9) 



where we have performed partial integrations. Then let us consider the WZ part. Since 
in the present metric we have 



= h 



SI 



7 1 bosonic 



3!5 ^^"I'^'^S^ 



0-1 „a5 



the C*^^) is expanded as 



C(6) = d*^) + • • • . 



The integration of C^^ is given by 

= A^/si j vo1e4 03-Fi , 



(3.10) 



where vols4 = cosh psinh^p cos 0i(it(ip(i0i(i02 . Combining (13.91) and (13.101) . one can find 
the quadratic action 



S2B ^ ^5 y V s det 



^0 



1 



-9l'idi(j)3dj(l)3 + d.^gdjipg) + 2(f)i - + -FujFl 



-4:y/sit5 j Vols4 03i^l- 



(3.11) 
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This is nothing but the non-relativistic AdS D5-brane action derived in [19]. 

It is also interesting to consider the AdS2 x S'^-brane casqj. The classical solution is 
given by 

(t,p;7,^i,^2,^3) = (t(e°),p(e°);7(0,^i(e°),^2(0,^3(e°)). 
By following the same line, we can obtain the following quadratic action 

S2B = ^5 j V s det go 



1 ■ ■ - - - 1 



-4:^/sit5 j voIe^ ip^Fi 
where p = 1, 2, 3. This also agrees with the result of [19]. 



(3.12) 



D7-brane 

The bosonic part of the D5-brane action is 

Cb = ^sdet{gB + F) (f^ + C^^) . 
Let us consider the AdSsxS'^-brane (i.e., (5,3)-brane) classical solution 

(t, p, 01, 02, 03; 7, v'l, ^2) = (t(e°), p(e'), 01 (e'), m^'), u^'y, 7(e'), m^'), m^')) ■ 

The induced metric is expanded as 

9b = go + g2~\ — , 

and the zeroth and the second order parts are given by, respectively, 

goij = diag(- cosh^ p{dotf, {dipf, sinh^ p{d2<pif, sinhVcos^ 0i(c^302)^, 

sinh^ p cos^ 0i cos^ 02(c^403)^, {dblY-, cos^ lid^'^if-, cos^ 7 cos^ '^i{dj(p2f) , 

g2ij = ^ COS^ 7 COS^ (pi COS^ (p2di(pqdj(pq . 
<?=3,4 

Defining the new variable, ipq = cos7cos(y9i cosip2'fq , one can rewrite the quadratic part 
of the bosonic DBI part as 



^^/sdet{gB + F) gl^g2ij = v^sdet 



^0 



1 3 1 

-g'^di^qdj^q - -if] + -FujFl^ 



This shape may be related to a giant Wilson loop [29]. 
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where we have performed partial integrations. 

Then let us consider the WZ part. We can start from the following expression, 



St 



9 1 bosonic 



2 • 3! • 5 



ai 



p"6 _ , p"! 



and C^^^ can be expanded as 



The integration of the quadratic part is given by 



volsg = cosh p sinh^ p cos^ 0i cos (f)2dtdpd(l)id(l)2d(l)^ . 

Combining the results we find the fluctuation action 

1 • 3 1 

-go^diifgdjifg - -ifil + -FujF[^ 



S2B = tr J '^^^ \/sdet^ 

-2^it7 J volsg AFi 



(3.13) 



This is nothing but the non-relativistic AdS D7-brane action derived in [19]. 



Next let us consider the AdSsxS^-brane case, which is slightly different from the 
AdSgxS^-brane case. For AdSa x S^-brane case, the classical solution is given by 

(t, p, 7, ^1, ^2, v^3, = m'),p{e), 7(a, M^'), M^'), <^3(a, mO) , 



and we can derive the following action: 



'2B 



s det go 



^-2^/s^t^ / vols' AFi 



(3.14) 

where p = 2, 3. This is also nothing but the non-relativistic AdS D7-brane action derived 
in [19]. Here it should be noted that no tachyonic mode is contained in the mass spectrum. 
This fact would basically be based on the topological reason that the part of the brane 
is wrapped around the part of the AdSg xS^ background. It should stabilize the solution 
even if the supersymmetries are broken due to some effect. 
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3.2 Fermionic fluctuations 



Next we shall consider the fermionic fluctuations. As mentioned before, the fermionic 
part can be discussed in a unified way in comparison to the bosonic part, i.e., it does not 
almost depend on the dimensionality of Dp-branes. Hence we will discuss the fermionic 
part of all D-branes at a time. 

Expanding about the classical solution, we can derive the quadratic action for the 
fermionic variables: 

S2F = TpJdP+'^ ^/Id^o%'^h{DJe)o 
Jt, P- 

where the covariant derivative is defined as 

{De)o = d9 + ]^e^fAia29 + -^uj^'^T AB~e , l^ = (eo)f 

where subscript means classical value. The fermionic action 5*2^ is invariant under the 
following fermionic symmetry 

6j= (i + ro)/€ , 



, — A A I (Ti for » = 1 mod 4 

= v^r^°" ''P = M , P={ ■ (3.15) 

y ia2 for p = 3 mod 4 

This symmetry is inherited from the K-symmetry of Dp-brane action 
6 J = il + T)K , 



P-a . 1 

(p+1)! 

where Fj = L^F^ . Fixing the fermionic symmetry fl3.15p with the condition 



o+ = o, ~e± = P±e±, P± = i(l±M), 

we obtain the gauge fixed action: 

S2F = t^jdF^\ yidit^ 2ig]^^^,{D,d\ 
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where we have absorbed R by rcscaUng 9 and denoted '0 = 9-. This is the fermionic part 
of non-relativistic AdS Dp-brane action derived in [19]. 

Finally we comment on the mass term contained in {D'&)q . The vielbein and spin 
connection on the (p + 1) -dimensional world- volume for our classical solutions is given by 

where a is the tangential- vector index. By using the {p+ l)-dimensional spinorial deriva- 
tive defined by 

1 

t 



one can find that 



So for (m, n)-branes 



where we have used 19 — —J9 which follows from Foi-.g^ — 9. Thus 

tp 



(3.16) 



This is the action for 8 massive fermions propagating on AdS^xS" for the (m, n)-branes. 

Thus we have shown that the non-relativistic actions constructed in [19] can be repro- 
duced from the scmiclassical limit around static 1/2 BPS D-brane configurations. 



4 The Gauge Theory Side 

In the previous section we have shown that the non-relativistic limit is nothing but a 
semiclassical approximation around a static configuration. In this section, we argue the 
corresponding composite operators in the gauge theory side, according to the semiclassical 
interpretation for the non-relativistic limit. 
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4.1 BMN Dictionary 

Before considering the non-relativistic limit, it is helpful to remember the pp-wave case 
[5, 17]. The pp-wave string can be seen as a semiclassical approximation around a BPS 
particle solution rotating at the velocity of light. The solution has a U(l) charge J 
associated with the rotation. Then in the gauge theory side it corresponds to a single 
trace operator 

Tr(Z-^), Z = 05 + #6. (4.1) 

The solution is invariant under SO(4)xSO(4) and the fluctuations are represented by 
insertions of impurities: 

D,Z = 0,1,2,3), (t>i (/ = 1,2,3,4), 

into the vacuum operator (14.11) . Here it should be noted that D^Z has bare scaling 
dimension 2 but Z carries the U(l) charge 1, and hence A — J = 1 . 

4.2 Dictionary in Non-relativistic Limit 

Let us consider the non-relativistic string theory. The world-sheet geometry is AdS2 and 
it ends on the AdS boundary. Hence a straight Wilson line^ 

6 

i=l 

is contained in the gauge theory side. This is 1/2 BPS and invariant under SO(3)xSO(5). 
Hereafter we will fix the six-dimensional vector ra* as n* = (0, . . . , 0, 1) . 

In analogy with the semiclassical interpretation for the Penrose limit [17], it is plausible 
to identify the Wilson line with the vacuum operator. From the mass spectrum of the 
non-relativistic string, its transverse symmetry is SO(3)xSO(5) and it should be related 
to the fluctuations. Then we argue that the fluctuations would be represented by the 
insertions of the following impurities: 

Da(t)^ + iFao (a = 1,2, 3), 0'^' (a' = 1, . . . , 5) . (4.2) 

^Here we discuss a single AdS2-brane and the representation of the corresponding Wilson line is 
represented by a single box in terms of Young tableau. 



ly = Tr P exp 



dt {iAq + 
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For the AdS directions, the field strength is included in comparison to the BMN case. Here 
we should note the difference of the scaling dimensions 1 between AdSs and directions. 
It is closly related to the difference between the masses of non-relativistic string as we 
will see later. 

We will see some supports for the dictionary (14. 2 p below. 



4.3 Wilson Loop Expansion 

The dictionary (14.21) is supported also by another argument based on expanding a Wilson 
loop, following the method developed in [30]. 

Let us consider the Taylor expansion of Wilson line 

W{C) = Tr P exp (^j^ Us {iA^{x{s))x>'{s) + (Piy^s)) 

around the straight Wilson line Cq 

x%^{s) = s, y^„(s) = (0,0,0,0,0,1), 

by considering a small deformation like W{C) = W{Co + 6C) [30]. 
The Wilson line can be expanded as 

6W{C) 



W{C) = W{Co 



''f ^ „, , 6W{C) 
^ ' 5a;^(s) 



+ - / dsx / ds2 bx^{sx)bx''{s2 



6^W{C) 



C=Co 



6x^'('^'>6x•'{s2) 



+ 



(4.3) 



C=Co 



The zeroth order term is nothing but the straight Wilson line. Then the first order term 
is evaluated as 
6W{C) 



6x1" (s) 



Tr 



C=Co 



6W{C) 



Tr 
Tr 



{tF^,ix{s))x''is) + D^(l)i{xis))y\s)) x 
xP expf 'ds' {tA^{x{s'))x^{s') + <j)^y\s')) 

\J S+Si 

{iF^o + D^(f)e) P exp ( / dt {iAo + ^g) 



C=Co 



C=Co 



P exp / dt {iAo + 



(4.4) 
(4.5) 



The fiuctuations are expanded as 



5y\s) = £ 5yl^ 



2mns/{s j —Si) 
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and those give the following relations: 

5W{C) 



C=Co 



By letting 



6W{C) 



C=Co 



Sx° = 6f = 0, (4.6) 

we are left with the impurities given in (14.21) . The condition (14.61) will be supported from 
a supersymmetry argument. 

Supersymmetry 

The straight Wilson line W{Cq) is 1/2 BPS. As one can easily see, the supersymmetry 
variatioii] 6eW{Co) vanishes when 

(i^Co^f^-Wco^i)^ = 0, 
which implies the locally supersymmetric condition 

The straight Wilson line ll^(Co) indeed satisfies the condition. 

Then let us consider linear fluctuations around W{Co) . The supersymmetry transfor- 
mation for the fluctuations vanishes when the following relation is satisfied: 

It implies that 

Sx^ -6f = 0. 
On the other hand, one may choose as 

Sx^ + Sf = 

by using the S0(1,1) symmetry. Thus the linear fluctuations are locally supersymmetric 
and 1/2 BPS when 6x^ = and 6y^ = . The former means 6x^ = as the Wilson line 
is characterized by x^. In fact, we have just seen above that impurities (14. 2 p appeared as 
fluctuations satisfying = 6y^ = . 



The supersymmetry transformation is given by S^A^^ — i'^T^^e and Se(j)i — i'^TiC . 



19 



4.4 Supergravity Modes in Non-relativistic Limit 

Next let us consider the fluctuations by focusing upon the supergravity modes. These 
should be BPS and protected from quantum corrections. Then the mass dimensions of 
the fluctuations can be computed following [2]. 

We show that the mass dimensions of the fluctuations propagating in AdS2 evaluated 
at the boundary are equal to the conformal dimensions of the conjectured impurities. The 
masses of the fluctuations are easily derived from (13.41) with F = and fl3.16p as 

= 2 for (j) , = for 7, (4.7) 

and mjp = 1 for i). The mass dimensions of scalars can be evaluated at the boudary as 
follows [2]: 

A = ^(1 + Vl + 4m2) . (4.8) 

By substituting fHTTj) for fOj) . it follows that 

A(0) = 2 and A(7,(^) = l. 

On the other hand, the conformal dimensions of impurities are 

2 for Da4>6 + iFao and 1 for 0"' . 

Thus we find the agreement of the mass dimensions of the fluctuations and the conformal 
dimensions of the impurities. This provides a further support of our conjecture. 

Finally we comment on the stringy excitation modes. The quantum spectrum of the 
non-relativistic string has not been obtained yet by solving the theory. The world-sheet 
theory is free but the world-sheet geometry is AdS2 rather than flat, and the quantization 
of it is more involved. Furthermore, unlike the pp-wave string case, the U(l) charge 
J is not included in the present case. Thus the BMN trick does not work and hence 
perturbation theory would be useless in comparing the gauge side with the string result. 
Anyway, it would be difficult to check the above dictionary at stringy level. 

5 Summary and Discussions 

We have derived non-relativistic actions of string and D-branes on AdSs x from a semi- 
classical approximation around static configurations. Then the AdS/CFT dictionary in 



20 



the non-rclativistic limit, which is a new solvable sector pointed out in [9], has been ar- 
gued on the basis of the semiclassical interpretation and the symmetry argument. We 
speculate that a state of non-relativistic string would correspond to a small deformation 
of 1/2 BPS straight Wilson line. 

Here it may be valuable to comment on the difference of setups between ours and 
[31,32]. In the case of [31,32] a deformed Wilson loop with "long" composite operators 
is considered and large U(1)r charges are included as the length of the long operators 
unlike our case. Therefore perturbation theory works in the case of [31,32] to check the 
correspondence even at stringy level and it is also an interesting direction to study the 
deformed Wilson loops furthermore (For the works in this direction, see [31-34]). On the 
other hand, it would be quite difficult for our case to test at the strigy level. 

It would be another direction to study a semiclassical approximation of M-branes. The 
non-relativistic M-brane actions have already been obtained in our previous paper [19]. 
We will report on this issue in another place in the near future [35]. 

We hope that our result could be a new clue of the study of AdS/CFT correspondence. 
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Appendix 

A The supervielbeins on the AdSsxS^ 

Here we will construct the supervielbeins on the AdSsxS"'"' background, in order to make 
the manuscript self-contained and fix the notations and conventions. 
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First of all, let us introduce the metric of AdSsxS^ background: 



^^Ads ~ ~ cosh pdt + dp + sinh p d(j)^ + cos 0i((i02 + cos 02*^03) , (^-1) 



dsg = d'-y'^ + cos^ 7 



d(pl + cos"^ {pi{dipl + cos'^ {p2{d{pl + cos'^ ipsd(p1)) . (A. 2 



As we factor out the radii R of AdS5 and to be an overall factor in the action, the 
geometrical objects collected here are for R = 1. Then for the AdSs part, one can read 
off from flA.ip the vielbein e" (a = 0, 1, ■ ■ ■ ,4) as 

= (cosh pcit, dp, sinhpci^i, sinh p cos 0i(i02, sinh p cos 0i cos 02*^03) ■ 

The spin connection is defined by de"" = —uj°'i,e^ , and the non-trivial components of the 
spin connection for the AdSs part, are 



°i = sinh pdt , cu^i = cosh pdcpi , u^i = cosh p cos (pidcpi , = — sin (pid(f)2 



u'^i = cosh p cos 01 cos 02 c 



= — sin 01 cos 02li03 , UJ^3 = — sin 02(i03 . 



Next, for the part, the vielbein e°' (a' = 5, 6, ■ ■ ■ , 9) is seen from ( 1A.2P as 
= {d'-y, cos'^difi, cos^ cos(fid(p2, 

cos 7 cos ipi cos ip2d{p3, cos 7 cos ipi cos ^92 COS (y93(i(y94) . 

The non-zero components of the spin connection are given by 



07^5 = — sm'jd(fi 



7 

U 5 



— sin7 cosv9i(iy92 - 



7 

U 6 



— sin ipidip2 



sin7cos(y9i cosv52'iv^3 , c^^e = — sin V3i cos(y92'^V'3 , uj^t = — smLp2dip3 , 



— sin 7 cos v^i cos ^92 cos ipsdipi 



— sin {pi cos ^92 cos (psdip^^ . 



■ sin y92 cos (fsd^p^ , c<j^7 = — sin (fsdip^ . 



Then it is turn to consider the supervielbeins on the AdSs x , which can be obtained 
via the coset construction with the coset superspace: 

PSU{2,2\4:) 



AdSgxS^ 



S0(l,4) X S0{5) 



(A.3) 



The super-AdSsxS^ algebra is represented by the super Lie algebra ps'u(2,2|4) , whose 
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commutation relations are given by 

[Pa, Pb] = Ci^Jab , [Pa',Pb'] = —Ct^Ja'b' , 

[Pa, Jbc] = VabPc — VacPb , [Pa', Jb'c'] = Va'b'Pc' — Va'c'Pb' , 

[Jab, Jed] = VbcJad + 3-terms , [Ja'b', Jc'd'] = rjh'c'Ja'd' + 3-terms , 

a - 1 

[Qi, Pa] = --Q.j{i(y2)jiTA , [Qi, Jab] = --QiTab , (A.4) 

{Qi, Qj] = 2tCT%jh+PA - taCf^^{ia2)ijKJAB , 

where A = {a,a'). a = is set to be 1 in the body of the paper. 
Then the gamma matrix G Spin(l,9) satisfies 

{r^, r^} = 27]^^ , {T^f = -CT^c-' , c^ = -c, 

where C is the charge conjugation matrix and the Minkowski metric 7]ab is almost positive. 
Furthermore we have introduced the following quantities: 

= {—^a^,^a'>J) , Tab = {—^abI,^a'b'J) , ^ = T^^'^^'^ , J = Y^^'^^^ , 

Qjh+ = Qj, = i(l + Til) , rii = roi...9. 

Now the supervielbeins L"^ and L", and super spin connection can be read from 
the left- invariant Cartan one-form defined by 

g-'dg = L^'Pa + ^L^^'Jab + QaL'' , 

where g is an element of the supercoset (1A.3I) and it is parametrized as 

9 = 9x99, 9e = (i^\ Q={Qi,Q2), = 

and gx and gg are the bosonic and the fermionic elements, respectively. Here we note that 
gx should satisfy, by definition, that 

g-^dgx = c^Pa + ^cu^^ Jas , 
where and uj^^ are the vielbein and the spin connection of the AdSs x . 
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After some algebra, we finally obtain the explicit expressions of the supervielbeins and 
super spin connection as follow^ 

n=l ^ ^ 

n=l ^ ' 



with 

De = de + -e^f^ias^ + ^u^^TabO ■ (A.5) 
By construction these should satisfy the following MC equations: 

dL"^ = -a^L^L^ - T^.rfL^L'"^ - ialf'^^iasL , (A.6) 



which are equivalent to the psu{2, 2|4) algebra (]A.4p . 
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